Abstract: Adoption has always been an important process to discuss among marketers. Major work in the field of innovation adoption has been based on theory of first purchase by consumers. Of late attention has also been given to multi-stage nature of diffusion process. There are practitioners who have verified adoption as multi-stage process (depending on awareness and motivation). Researchers have lately also understood the value of change in marketing strategy and other factors that often lead to change in the rate of adoption. In this paper, we have made use of this stage wise approach of market penetration along with change point concept, have developed a methodical approach based on infinite server queuing theory and predicted sales for consumer durables. Experimental results estimated on sales of two different consumer durables show that present proposal can depict the change in adoption rates and predict the behaviour of the product in more accurate manner.
Introduction
Globalised environment calls for newer products to frequently enter into the market i.e., recurrent development in terms of innovations. Innovations are developed with an intention that they suit the latest needs of the consumers, are economic, cost effective, developed on the basis of most recent technology and are able to give competitive benefit to the manufacturer (Aggrawal, 2014) . The manner through which an innovation penetrates into the market place defines the diffusion process. An innovation diffusion model (IDM) produces a life cycle sales curve based on certain parameters such as adopter behaviour, promotion, market variables etc of the diffusion process. The purpose of a diffusion model is to depict the successive increase in the number of adopters and predict the continued development of a diffusion process already in progress (Aggrawal, 2014) . The marketing objective is to understand how information about the product reaches the consumers starting from mass media (external influence) to word of mouth communication (internal influence) which has a major impact on adoption decision of consumer and accordingly the diffusion of a new product. The major reason behind innovativeness in development is the conflicting markets which have either increased organisational success or failure in recent times. When competitors grow in number and become more fraught, sales of the product starts declining or may turn out to be flat.
The classical Bass model (1969) constitutes an elementary contribution to the field of innovation diffusion by modelling innovation diffusion process at the aggregate market level. Traditional IDMs have mostly focused on comprehensive variables like market penetration and advertising campaigns (Agarwal and Bayus, 2002; Mahajan et al., 1990 ). These models have been used to study the introduction of new products belonging to different categories (durables or non-durables). Accordingly, one line of research has focused on whether and how marketing mix variables affect innovative product diffusions (Bass et al., 1994; Mahajan et al., 2000) . Another line of research has paid attention at micro level factors of adoption by studying how consumer's attitudes and behaviours are affected by product characteristics (Labay and Kinnear, 1981; Mahajan et al., 1990; Rogers, 1995) . Also some research originated by relaxing the basic set of assumptions as used by Bass (1969) to account more variability in the modelling framework (Kapur et al., 2012a (Kapur et al., , 2012b Singh at al., 2012) . This stream of research contributes to the understanding of the two very important factors that determine the adoption by individual consumers. One is multi stage nature of adoption process and other being concept of change point.
A brief description about the two concepts and their mathematical forms as used in the literature is discussed in Section 2. Model development inculcating the concept of change point under two-stage adoption process is presented in Section 3, whereas in Section 4 the performance analysis of proposed models on two different data sets is depicted in tabular as well as graphical form. The benefits of present study to the managers of a firm are presented in Section 5. Conclusion is given in Section 6; followed by Acknowledgements and References at last.
Background and motivation
Abundance of work exists in the literature of innovation diffusion modelling from which two important concepts are utilised that led to the formulation of the present study. The first being the adoption process, which has been classified as a multi-stage process in the literature (Rogers, 2003) is considered as two-stage process in line with framework of Anand et al. (2014a Anand et al. ( , 2014b . Other, being the consideration of the rate of diffusion per remaining potential adopter, which is constant, may be altered at some time point termed as change point in the adoption process. Rogers (2003) classified adoption process as five stage process starting from knowledge to confirmation intermediate stage being persuasion, decision and implementation. In the work by Anand et al. (2014a) , emphasis has been given to model the dependency of adoption process on awareness process. They have considered the time delay between the product awareness and adoption process (Anand et al., 2016) . Here, individuals are educated about product characteristics through mass media or through inter-personal communication which construct a crowd of informed individual who with passage of time may purchase the product (Figure 1 ). The modelling framework as given by Anand et al. (2014a) was based on convolution process given as follows: 
Awareness and adoption process
Using Stieltjes convolution approach (Kapur et al., 1999) equation (2) can be rewritten as:
Different form of distribution functions (product awareness and product adoption process) can be considered in equations (2) and (3) for modelling the sales.
Change point
Generally, the rate by which an innovation is diffused per remaining number of potential adopters in the system might not remain constant due to shift in marketing strategy. It may alter due to modification in packaging, transformations in advertising strategy, increase in the number of outlets, and availability of pack sizes, combinational offers and discounts offered. Also the entry and exit of competitors in the market affect the rate of diffusion of an innovation (Kapur et al., 2007 (Kapur et al., , 2012a (Kapur et al., , 2012b . These changes may be reflected by a sudden shift in adoption curve called the change-point. That is at some point τ the sales rate of the product might increase or decrease affecting the diffusion process.
Researchers have extended the basic diffusion model to incorporate the concept of change point in varied manners. Like: Singh et al. (2012) have proposed a diffusion model based on stochastic differential equation with repeat purchase and balking. Their modelling framework also incorporates the change-point concept based on the assumption that the rate of product adoption per remaining potential adopter might change due to shift in marketing/promotional strategy, entry/exit of some of the competitors in the market. Anand et al. (2015) proposed an approach to model the diffusion process using a discrete logistic function whose exact solution can be obtained using probability generating function (PGF), incorporating the change-point concept.
Using the above discussed concepts we have formulated a methodology which is able to capture both the scenarios under one framework via an analogous approach from the field of software reliability given by Huang and Hung (2010) .
Model development
The assumptions of the proposed model with multiple CPs are as follows:
1 The IDM follows the NHPP.
{Note: a counting process {X(t), t ≥ 0} is said to be NHPP with mean value function N Ad (t), if it satisfies the following conditions: a there are no adopters of the product at t = 0 i.e., X(0) = 0 b for any finite collection of time points i.e., t 1 < t 2 … < t k , the k random variables
sales in any time interval are not dependent upon its predecessors. c Pr{exactly one adoption in(t, t + ∆t)} = λ(t) + o(∆t) d Pr{two or more adoption in(t, t + ∆t)} = λ(t) + o(∆t); where λ(t) is the intensity function of X(t)}.
4 Single purchase from each individual i.e., no repeat purchase.
5 The queuing model for describing awareness and adoption process as an infinite server queue with NHPP arrival and general service time distribution.
6 The mean awareness rate (i.e., the rate at which individual are informed about the product) is not constant or may change at some time moment τ called a change point.
7
The time to adopt a product is non-negligible, so number of adopter's lags behind the total number of people informed.
Let us first consider the case of an awareness-adoption based on queuing model (AAQM) with a single CP (τ 1 ). Basically, the sales over the planning horizon (0, t] can be obtained by studying the sales over (0, τ 1 ] and (τ 1 , t] i.e., N Ad (t) can be obtained from
Suppose that at time x 1 (x 1 ≤ τ 1 ) an arbitrary individual is informed about the features pertaining to a product; then we assume that the probability that informed individual adopts the product by time τ 1 is equal to G 1 (τ 1 -x 1 ). Under this condition, we let q be the probability that an individual is informed by time x 1 and that the product will be adopted in (x 1 , τ 1 ]. From the total probability theorem, we have the following:
time required for adoption individual is informed at time required for adoption individual is informed at individual is informed at
The probability that an individual if informed at time x 1 over the interval (0, τ 1 ] is given by
In this case we have 
1 1
Equation (6) 
Next, N Ad (τ 1 , t] is composed of adopters from two different groups, one group which was informed over the time interval (τ 1 , t] and from group of individuals who were informed but have not adopted the product at time τ 1 . Suppose that at time x 2 an arbitrary individual is informed about the features pertaining to a product; then we assume that the probability that informed individual adopts the product by time t is equal to G 2 (t -x 2 ). Under this condition, we let r be the probability that an individual is informed by time x 2 and that the product will be adopted in (x 2 , t]. From the total probability theorem, we have the following:
2 2 2 time required for adoption individual is informed at time required for adoption individual is informed at individual is informed at
The probability that an individual if informed at time x 2 over the interval (τ 1 , t] is given by
Similarly, we have 
Due to the lag between awareness and adoption process, the potential adopters who are informed about the product but still they have not purchased the product till time τ 1 is equal to [N Aw (τ 1 ) -N Ad (τ 1 )]. Thus the number of remaining informed individuals who may adopt over the interval (τ 1 , t] is given by:
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From equations (7), (11) and (12), we have
where N Aw (0) = 0, N Ad (0) = 0, and G 1 (▪) and G 2 (▪) are the cumulative distribution function (CDFs) of the adoption time over the time interval (0, τ 1 ) and (τ 1 , t), respectively. Here we let g 1 (▪) and g 2 (▪) be the probability distribution functions (PDFs) of the adoption times over the interval (0, τ 1 ) and (τ 1 , t), respectively. It is noted that, if τ 1 = 0, equation (13) can be written as:
( 1 4 ) Equation (13) reduces to equation (3), the case of two-stage awareness-adoption model without change point. Thus equation (14) is similar to equation (3). Similarly, for the AAQM with two CPs, we have ( ) 
Here for the sake of simplicity we have considered the case of single change point (τ 1 ) and formulated five different awareness-adoption models based on queuing theory approach.
• M-1: considering the case when information regarding the product is supplied in exponential manner while the adoptions take place constantly over the planning horizon before and after change point. The awareness rate before change point is 'b 1 ' and after change point it is 'b 2 '. Making use of equation (13) • M-2: here awareness about the product is happens in logistic manner with rate b 1 and b 2 while learning parameter is β 1 and β 2 for before and after change point; whereas the adoptions take place constantly over the planning horizon before and after change point. Making use of equation (13) we get
e e N t m e e
( 1 8 ) • M-3: suppose that awareness intensity and adoption times behaves exponentially before and after change point with different rates i.e., before change point the rate for awareness and adoption times is 'b 1 ' and after change point it is 'b 2 '. Making use of equation (13) • M-4: on considering that awareness intensity following exponential pattern and adoption times follows logistic distribution before and after change point with different rates i.e., before change point the rate for awareness and adoption times is 'b 1 ' and after change point it is 'b 2 ' while the learning parameter is β 1 and β 2 for before and after change point respectively. Making use of equation (13) 
• M-5: assuming that both awareness intensity and adoption times follows logistic distribution before and after change point with different rates i.e., before change point the rate for awareness and adoption times is 'b 1 ' and after change point it is 'b 2 ' while the learning parameter is β 1 and β 2 for before and after change point respectively. Making use of equation (13) we get 
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The above proposed models are validated in the succeeding section for proper insight.
Model performance analysis
In this section, we analyse the performance of our proposed models on different data sets namely IBM systems-in use generation-1 (USA) (Anand et al., 2015) and Sales data of Nokia (Anand et al., 2014b) . The parameters of proposed model were estimated using simultaneously nonlinear two stage least square by software package SAS (SAS Institute Inc., 2004). The estimated parameter values of the developed models have been calculated, are given in Table 1 . The knowledge regarding the predictive power of models can be evaluated by calculating values for different comparison criteria's. For this very sake we considered five different comparison criteria which are frequently used by many researchers for checking the applicability of the models. Table 2 comprises of values computed for SSE, MSE, RMSE, R 2 and Adj. R 2 for both the data sets. The results obtained here are highly significant as their computed values are acceptable. For DS-I, the results obtained in Table 2 , depict that M-4 in which awareness intensity is following exponential model and adoption times follows logistic distribution before and after change point with different rates has the best predictive power followed by M-2 which is based on the concept that awareness regarding the product is supplied in logistic manner while the adoptions take place constantly over the planning horizon before and after change point. While for DS-II, the results obtained depict that M-1 based on awareness intensity following exponential distribution while the adoptions take place constantly over the planning horizon before and after change point has the best predictive power followed by M-2 (shown in Table 3 ). The optimality corresponds to the nature of data under consideration i.e., DS-I is S-shaped in nature and so M-4 becomes the best while in DS-II, data pertains to exponential nature thereby taking M-2 at the top most position. Thus, it is adequate to speak that the estimated results are highly dependent on the nature of data sets. 
Managerial implication
A marketer builds strategies with the notion of accomplishment of awareness, trial, availability, repeat use and to enhance sales. Firms normally employ large number of approaches in gaining huge market share. Sometimes it becomes crucial for them to understand the role of certain idea adopted to increase sales. Increasing need of market excellence demands frequent changes in the existing strategies (in terms of promotional strategies, packaging, etc.). In order to do so the firms have to bring in time to time changes (change point); that can impact on the overall buying behaviour of the consumers and there by affecting the purchase. Studying the impact of these marketing strategies taking care of the time gap between people being informed and adopting the product is very important for all the firms. In the present work making use of a methodical approach from queuing theory, we have proposed an ideology to describe the adoption process (based on awareness prevailing in market) with the concept of change point. A proper and mathematically sound knowledge may assist the firms in knowing the impact of transformation brought in the existing strategy or product. Also, it can provide an approach for identification of redundant strategies which are not impacting sales in positive manner. Thus pave a route towards judicious decision making which might increase the sales of the product, thereby, impacting overall performance of the company.
Conclusions
The changing need of the customer requires the firms to bring their product with more innovativeness. From time to time firms have to bring some newness to their existing product or in their marketing strategy which require change in packaging style, providing some add-ons with the product or free offering on the purchase, etc. Thus there exists some time point at which sales of the product might start increasing due to changes brought about by the firms in existing product; we generally call this time point to be the change point. The sales of the product begin when people are informed about the product and ends when eventual adoption takes place. Thus, multi-stage nature of diffusion process as stated by Rogers (2003) affects the sale of the product. Making use of above explained concepts we have formulated a modelling framework for determination of adopters based on the two stage nature of diffusion process and the concept of change point, using queuing theory and thus formulated AAQM. Five different models are proposed based on differing distribution functions which are analysed on two different data sets. The results obtained illustrate better fit on both sales data. Thus we conclude that different scenarios based on two stage nature and changing strategy can be very well replicated by proposed methodology. In future, we wish to study two dimensional aspect of proposed methodology i.e., the role of promotional efforts and time shaping the eventual adoption of the product under stage-wise and change point approach.
